MASSACHUSETTS MATHEMATICS LEAGUE
CONTEST 6 - MARCH 2020
ROUND 1 ALGEBRA 2: SIMULTANEOUS EQUATIONS AND DETERMINANTS

ANSWERS

A) ( ;

B) ( ;

0)

x> +2xy+3y° =57

A) Compute the ordered pair (x,y) of positive integers for which .
( ) 2x% +4xy+5y> =110

=3 and ¢, +c¢, =33, compute the ordered pair (c,,c, ).

C) For some positive integers k and N, the line L, = {(x, )| 2kx " _ky—Z =N } is 3410 units

from the line L, = {(x, y) | 4(kx_ 8) + 4(6y— k) = c} . If L, passes though the point

P(9,-3), compute all possible ordered triples (£, N,c).



MASSACHUSETTS MATHEMATICS LEAGUE
CONTEST 6 - MARCH 2020 SOLUTION KEY

Round 1

A) Doubling both sides of the first equation and subtracting, we have

0

y* =114-110 = y =2(since x,y >0).
Substituting in the first equation,
X +4x+12=57T & x* +4x-45=(x+9)(x-5)=0=>x=5.

Thus, (x,»)=(5,2).

¢ 2
. s 8¢, 2
— L8 36060750 30 4e 4, =63,
5 2 42
det
I -8
Substituting for ¢, , 4¢, +(33-¢,) =63 =3¢, =30 < ¢, =10.
Thus, (c,,c,)=(10,23).

Since lines L; and L, must be parallel, their slopes must be equal.
k-2 . 6-k k-6
and the slope of L is ———=——.
2k -1 k-8 k-8
k-2 k-6
2k—-1 k-8

= k> —10k +16 =2k ~13k +6 = k> —3k—10= (k= 5)(k+2) = 0=k =5,> .

The slope of L; is

Equating,

k=5=1I, :%—%:N@x—w:w and k=5=1L, :%+%=4c<:>x—3y+l2c:0.
Plugging in the coordinates of point P, 9N =9 — 3(—3) =>N=2.
[1-(9)=3+(-3) +12(]

VIZ +3?

The distance between the parallel lines is =310 = |1 8+ 12c| =30.

-3+
3+2c:i5:>c:£:1,—4.

Thus, (k,N,¢)=(5,2,1), (5,2,~4).




MASSACHUSETTS MATHEMATICS LEAGUE
CONTEST 6 - MARCH 2020
ROUND 2 ALGEBRA 1: EXPONENTS AND RADICALS

ANSWERS

A) ( ;

B)

0

2 2
.. e 3 X )
A) For a minimum positive integer value of x, (Ej + [Ej represents a rational number £.

Compute the ordered pair (x,k).

B) Compute the largest integer x for which 2*"* =2 —2* 42" + 2" <2020

C) Given: y=+/3+2x—x’

Let A=x_, —x,..,B=—A4.

min ?

Compute (Y, )A + (Vi )B .



MASSACHUSETTS MATHEMATICS LEAGUE
CONTEST 6 - MARCH 2020 SOLUTION KEY

Round 2

(3}2 (sz \/9 e \/81+4x2 V81 +4x2
A) = | H| = | =4[=t—= = .
2 3 4 9 36 6
Testing, x=1,2,3,...= 81+ 4x> = 38, 3, IX{, 45, P&, 225 =15".

Thus, for x=6,k=£=1—5=§:> 6,§ )
6 6 2 2

B) 277270 =2 427 427 =27 (27 20 —1427 +2°) = 2°(4 - 64— 1+128+8) = 75(2").
5e 2020 _ 404

<——=—=27T =x, =4.
75 15

C) By definition, y =+/3+2x—x" >0 and defined only if the radicand is non-negative.
342x—x" 20 x* —2x-3=(x-3)(x+1)< 0= -1<x<3.

A= Xy =Xy =3-(-1)=4=>B=—4

-1+3
Clearly, y . =0. By symmetry, y__ occurs at x = 2+ =1. Thus, y_, =v3+2-1=+42,

resulting in ( Vein )A + ( Yo )B 042t = %

Alternately, squaring both sides,

y=A3+2x-x" =y =3+2x-x’ :>(x2 —2x+1)+y2 =3+1:>(x—1)2 +y’ =4,
Thus, the original equation represents a semi-circle above the x-axis.

Since the center is at (1,0) and radius has length 2, we have

X =35 Xpin ==L, ¥ =0,y =2,4=3—(-1)=4, B=—4.

Therefore, ()" + (1)’ =(0) +(2)" = &



MASSACHUSETTS MATHEMATICS LEAGUE
CONTEST 6 - MARCH 2020
ROUND 3 TRIGONOMETRY: ANYTHING

ANSWERS
A) ( ) )
B) ( ) )
C)
A) Compute (p,q), the rectangular coordinates of the midpoint of 4B . y=Cos™)
1 B

-+
-4

B) A small square plot of land is surrounded by a picket fence. There are 4 equally
spaced pickets on each side, that is, 4 pickets and 3 gaps on each side. The
width of each picket is given by cos x° and the space between the pickets is
given by sin x° for some small value of x. The perimeter of the square can be

written as Psin(Q+x)°, where O = Sin™'(R).
Compute the ordered pair (P,R).

C) Given: sin(2x)=sinx—cosx
Compute 7, the length of the hypotenuse of a right triangle whose legs have lengths sin(2x)
and csc(2x).
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Round 3

A) Clearly, the graph indicates that ¢ must be expressed in radians.

B)

0

cos(zj _1 = Cos™'(.5)= z. cos(zj =0=Cos™'(0)= z
3 2 3 2 2

The midpoint of a segment with endpoints at (%, %j and (0, %j

is| 22—, 3 2=, 2

2 2 4’ 12

E+O §+E (l Sﬂj

Since each side of the square is 4 cosx + 3sin x, the perimeter is 4(4 cos x + 3sin x) .

The parenthesized sum looks like the expansion of sin(a +p ) , but sine and cosine values
cannot be larger than 1. Rewriting the perimeter expression, we have 14

) 4 3. ) .
4(4 coS x + 3sin x) = 20(§ cosx+ gsm xj , and the fractional values are the sine

and the cosine values for the angle shown at the right. 3 4
Now, we have 20(sin Q cos x +cos Osinx) = 20sin (Q + x) and
4 Ql* [].
(P,R):(ZO,—J. 3 v
5
Squaring both sides, we have

sin® (2x) =sin’ x - 2sin xcosx + cos’ x =1 - 2sinxcosx = 1 —sin(2x).
Transposing terms (sin’ (2x)+sin(2x)—1=0), and using the quadratic formula,

sin(2x)=_1i\/m=\/§_l\_\C//lzcsc(Zx)— 2 _\/§+1.

5
2 2 2 -1 2

Now h\/(\/g+l]2+(\/§_lj :\/6+2\/§+6—2\/§ —h=+3.

2 2 4 4




MASSACHUSETTS MATHEMATICS LEAGUE
CONTEST 6 - MARCH 2020
ROUND 4 ALGEBRA 1: ANYTHING
ANSWERS

A)

B)

0)

A) The line containing diagonal AC of rectangle ABCD intersects the
axes at (a,0) and (0,b)
Compute a+b. D (8,11)

(48 B

B) Six less than twice a two-digit natural number equals 6 more than half the reversal of the
two-digit natural number. Compute all two-digit natural numbers with this property.
If no numbers have this property, specify none.

C) For some positive integers 4, the quadratic equation (2x + 1)(x — 1) = A4 has rational roots x,
and x,, and the value of the discriminant is greater than 2020. Compute the minimum value

of|xl—x2|.
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CONTEST 6 - MARCH 2020 SOLUTION KEY
Round 4

A) The equation of AC is Y

11-8
(y—8)= - (x—4)<:>4y—32=3x—12<:>—3x+4y=20. D (8,11)

2
The x-intercept is _—(3) The y-intercept is 24—0 (48 B

Thus, a+b=—§+5: _3 .
3 _3

B) Let the original number be 10x+ y. Then:
10y +x
2
= 4(10x+y)—12:10y+x+12<:> 39x:6y+24:6(y+4) .

Regardless of the value of y, the RHS will be even, so the minimum x-value is 2.
78=6(y+4) < y+4=13= y=9 and the original number can only be 29.

Check: 2(29)—6=%+6 =52,

2(10x+y)—6= +6

Alternately, divide both sides of the boxed equation by 3: 13x = 2( v+ 4)

Since x must be even, we have x=2= y=9. Since y <9, there are no additional solutions.

C) (2x+ 1)(x—1)=4 < 2x*—x—(1+4)=0. The discriminant is 1+8(1+4)=84+9.
Rational roots require that the value of this expression be a perfect square.
A=2,5914,..=84+9=57,7>,9°,11%,.... Thus, the discriminant gives us a sequence of the

squares of consecutive odd integers. The minimum perfect square greater than 2020 is 457 = 2025.

. . . 1+45 23
Applying the Quadratic Formula, this gives roots 2 = > —11, and

|x, = x,| = %—(—11)‘ or ‘—11—% = % or 22.5.



MASSACHUSETTS MATHEMATICS LEAGUE
CONTEST 6 - MARCH 2020
ROUND 5 PLANE GEOMETRY: ANYTHING

ANSWERS
A) ( ; )
B) ( ; ; )
©)

A) Consider all possible connected configurations in the same plane of 4 unit squares
(exceptD:[D ), where every two adjacent squares are joined along a common side.
Compute the ordered pair (M ,m) , Where M and m denote the maximum and minimum

length of a segment which connects two vertices from different squares, and passes through
the interiors of at least two squares.

B) O is the center of two concentric circles.
As indicated in the diagram at the right, the degree

e~ e~ —

measures of arcs 4B, DC, BC, AD,FIG

I/-E’, é?—],and EF are 5x—1, 4x—1,a, b, c, d,
41, and 65, respectively.

If a—b=62° and c—d =122°, compute the
ordered triple (x,a,c).

C) 4D is an altitude in AABC. (4x1)

E and F are midpoints of AB and AC, respectively. A

For integers n and k, (AC, AD, DC)=(k+7,n+7,21-n).

C t |AGE| implified fracti “ in+7 Sy

ompute , as a simplified fraction.
P lGrep P E [G F
gl L1 c
The notation |PQR| denotes the area of APQOR . n D 21 -n
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Round 5

A) The segment lengths: -
Figure #1: /5, V13 N /
Figure #2: N
242 =48, V10
Figure #3: /5, v/13 (1) (2) (3) (4)

B)

C)

Figure #4: \/g, 22

Thus, (M,m) = (\/E,\/g) .

(5x—1)+(4x—1):9x—2.

In the larger circle, we have mZAPB = 5
41)+(65

In the smaller circle, we have m/ZEPB = % =53.

Equating, 9x=2 =53=>x= 106+2 =12.

In the larger circle, we have

360 (594 47) = 254
T () -1ss).
a-b=62

In the smaller circle, we have

—360— 41)=254
c+d=360—(65+41)=25 }:(c,d):(188,66)
c—d =122

(x,a,¢)=(12,158,188).

E, F =midpoints = G is also a midpoint.
Using the Pythagorean Theorem in ABAD and ACAD,

ABAD: k* —n*=(n+7)"  ACAD:(k+7) —(21-n) =k* +14k +49—441+42n—n* =(n+7)’
= 0=14k+49-441+42n. A

= 0=14k-392+42n= k=28-3n K+7
) . kK ln+7
= (28—3n) =n2+(n+7) = 784 —168n+9n> =2n* +14n+49 E |G F
[ 1 c
= Tn’ —182n+735=0 < n* —26n+105=(n-5)(n-21)=0  B"n p 21-n
15 6

AGE PR
=>n=5=k=13=> | | ] 2 2 :i

|GFCD| 5-6-(8+16) 48



MASSACHUSETTS MATHEMATICS LEAGUE
CONTEST 6 - MARCH 2020
ROUND 6 ALGEBRA 2: PROBABILITY AND THE BINOMIAL THEOREM
ANSWERS

A)

B)

0 ( ;

A) Compute the probability (to the nearest tenth of a percent) that an arbitrarily selected base-9
digit is either a multiple of 4, a factor of 6, or an odd prime.

B) The probability that a basketball player makes a 3-point shot is 3/10.
In a 3-point shooting contest, a player must make at least 5 of 10 such shots to win.

If a player has made 3 of 7 shots so far, compute the probability that he will win.

k
. 2 . e :
C) The expansion of (3x2 +—J , where k is a positive integer, contains a constant term N.
X

Let 4 be the value of £ for which N is the smallest possible nonzero multiple of 7. Compute

the ordered pair (A,gj.



MASSACHUSETTS MATHEMATICS LEAGUE
CONTEST 6 - MARCH 2020 SOLUTION KEY

Round 6
A) The base 9 digits are 0, 1, ... 8.

Multiples of 4 are 0, 4 and 8. Factors of 6 are 1, 2, 3 and 6. Odd primes are 3, 5 and 7.
Thus, the required probability is 100%.

B) With 3 shots remaining, he can make either 2 out of 3 shots or all 3 shots to win.

3 (3)2(7j 3 (3}3 189 27 216 27
B I I S | = + = =0.216 or — .
20\10) L10) (3)L10) 1000 1000 1000 — 125

k
C) The general term, i.e., the n™ term in the expansion of (3)(2 + E) , 1S

I; ENCEE K3 e x
Y (

n

. . . : 2
If the expansion is to contain a constant term, 2k —3xn must be zero, implying n = gk and

since n must be an integer, kK must be a multiple of 3. As k increases, so does 7.
The smallest value of k£ will give the smallest constant.

3

k=3=>n=2=N-= 5 .3°7%.2%.=3.3".2” (not a multiple of 7)
6 2 A4 .

k=6=>n=4=>N-= 4 -3%.2%('not a multiple of 7)
9 12 7 N

k=9=>n=6=>N=| |-3.2°= 3020 = — =3%2%=81-256 =20736
6 1.273 7

Thus, (4, N) = (9, 20736).



MASSACHUSETTS MATHEMATICS LEAGUE
CONTEST 6 - MARCH 2020
ROUND 7 TEAM QUESTIONS

ANSWERS
A) D) ( ; ; )
B) E)
C) F)

A) Compute all values of k£ for which there are an infinite number of ordered triples (x, y, z)
satisfying
1O x+2y-z=0
(2) 3x—-y+2z=0.
3) x-12y+kz=0

B) Compute all possible values of x over the reals for which 1+ x+x” +x* +x* +....=/20x+9 .
Hint: There is a rational root which is not a unit fraction.

: (x x ).
C) The period of f,(x)=sin (ij +cos (%j is kr.

The period of £, (x)=sin (S—XJ +cos GIT);) is jz. Compute j—k.

D) Let S be 3 more than the reciprocal of some positive integer 7.
Let D be the positive difference of 35 and the opposite of this integer.
D =kS, for some maximum integer k <10.
There are exactly two values of n, namely a and b, where a < b, which satisfy these
conditions. Compute the ordered triple (k,a,b).

A
E) Given a unit square ABCD, o)
BD = EG = GF ,
0 =15°,A, D, and F are collinear, as are G
B, E, G,and F. E
Compute the ratio CE : DE. B 7] c

F) Given: 4= {(x,y) : |2x+y| < 6} , B= {(x,y) : |2y| +|x| < 6}

Compute the probability that a point selected from region B will be in region A4.
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Team Round 1 x+2y-z=0

A) Solving the first equation for x, we have (4) x =z —2y. (2) 3x-y+2z=0

Substituting in the second equation, we have (5) () x-12y +kz=0
3(z—-2y) -y +2z=0=> Zzgy

oL . 7 3
Substituting for z in (4), we have x = gy - 2y=>|x= —gy .

Finally, substituting for x and z in the third equation,
x—12y+kz=O<:>—%y—12y+k(%yj=O<:>—3y—60y+7ky:(7k—63)y=0

If =0, then x = z = 0 and the only solution would be the trivial one - (0, 0, 0).
Thus, 7k—63=0=k=9.
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Team Round - continued

o . . . a .
B) The LHS of the equation is a geometric sequence which converges to a unique value — if

l-r
and only if |r| <1, where r is the common multiplier. Therefore, 2 -

L=\/20)c+9.
1-r 1—-x

Squaring both sides and cross-multiplying, 1= (1 —x)2 (20x+ 9) S l= (1 —2x+Xx° )(20x+ 9)
& 1=(20x—40x" +20x ) +(9-18x+9x” ) & 20x" —31x" +2x+8=0.

The only possible rational roots must be of the form ig, where 4 is a factor of the constant

term 8, and B is a factor of the lead coefficient 20. A:1,2,4.8 B:1,2,4,5,10,20

el I/ 2 4 8 )
Thus, the possibilities are: i[X,X,}(,X,X, X, >;<, X, }é, g, g, g] , but we were given

that the rational root was not a unit fraction, leaving only 6 possibilities to check.

20 -31 2 8

16 —12 -8 By synthetic division, we confirm that the rational root is ? ,
+] 20 -15 -10 O
and the cubic polynomial factors as

(x—%j(20x2 ~15x-10) =0 <> (5x—4)(4x* -3x-2)

0.

349432 3+441
- .

Using the quadratic formula, we find the irrational roots to be g

i
8

<1, so the LHS converges to a

Clearly, 3+;/H > 3+6

) 3
>1 and is extraneous. ‘

—/41 1
8

<0 and o > 0. Both sides of the original equation
- X

were positive, so no extraneous solution was introduced by squaring both sides. Lastly, we
must verify that the radicand on the RHS is positive.

20x+9 - 26° 3—{5 Lo 15-5V41+18 _33-5V41
g 2 2

home free. We know that 33 > 5v/41 <> 33> > 25-41 <1089 >1025. Since these inequalities are

equivalent and the last inequality is certainly true, the radicand 20x + 9 is positive. Thus, both

g, 3 _;/H are roots of the original equation.

unique number. Clearly, x =

If the numerator is positive, we are
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Team Round - continued

C) Since the basic sine and cosine functions have periods of 27 , g(x) =sin (9—2) completes

one cycle over intervals of length 1847 ; whereas, & (x) =Co0s (%) completes one cycle over

intervals of length 1467 . Since 92 and 73 have no common factors (other than 1), the first
function y = f; (x) completes one cycle over intervals of length (92-73)7 = 67167 , as
y = g(x) completes 73 cycles and y =/ (x)completes 92 cycles, and no shorter interval

contains an integer number of cycles of each individual function.
2r 728x 2r 672m

5/364 5 C11/336 11
What is the smallest number N into which both values will divide?

SN 5N
7287 27137

The components of the second function have periods of

nd

That is, for what smallest possible N-value will both

1IN 1IN
672x 2°-3-Ir
divided by the GCF of the denominators, i.e.,

(}{-X-13><)(25.3-77r)
X XK

The individual functions complete 12 cycles and 13 cycles, respectively.
Thus, j—k=8736—-6716=2020.
FYI:

be integers? The smallest such value is product of the denominators

=32-3-7-137 =8736x .

In general, what is the period of sin (% + h] +cos (% + k) , where a, b, ¢, and d are integers

sharing no common factors? The answer is (2bd )7r . The constants / and k are irrelevant,

since they just determine a reference point (other than the origin) where a cycle begins. The

. . .. 2 2b ) . .
period of the sine function is % =227 and the period of the cosine function is
a a
2r  2drx : .
~7d = . We must find integers m and n, so that, after m cycles of the sine, and n cycles
c c

of the cosine, both functions are simultaneously restarting their cycles.
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Team Round - continued

2
We require that ( bﬂ} ( d”jn Canceling the common factors,
a c

bm dn
— =

m(bc)=n(ad). Since a, b, ¢, and d share no common factors, we must take m
a c
2
to be ad and n to be bc. Thus, the sine function has a period of 2bz and goes through m = ad
a

2
periods, while the cosine function has a period of 2dx and goes through n = bc periods.
c

(%_ﬂjm - (Zd”}“ = [21)7[)%] (Zd”jbc 2bdr and both functions are returning to
a C a c

their starting position after 2bdz . Therefore, the constants a and c are also irrelevant!
Let’s look at a graph using » =2 and d = 3, and see that the period is 127 .

y =sin (gj has competed 3 periods over the 127 interval. Trace over the red graph.

¥y =Co0s (%) has competed 2 periods over the 127 interval. Trace over the blue graph.

The sum of these two functions has completed exactly one cycle. Notice that the minimum
occurs where you’d expect it, namely, at x = 37 when both sin(;j and cos( 3 j have each
reached their minimum values of -1. The maximum value is a story for another day.

The maximum does not occur at point B directly above the point where y =sin (gj and

x) . )
Y =cos (Ej intersect. How come? How would you find the maximum value?

T Max
P: (2.2391, 1.6341)

15 E E

>

x) =g(x) + h(x)

y=1 g(x)=cos(x/3) f(x) = sin(x/2)

1\5 t t \6” U U t t t t t o U t t t U T t \12\”

i sin(x/2): 3 periods
T cos(x/3): 2 periods
' sin(x/2) + cos(x/3): 1 period

Q: (9.4217, -2.0000)
Min
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Team Round - continued

D) Given: § is 3 more than the reciprocal of some positive integer n.

E)

D =kS is the positive difference of 35 and the opposite of this integer.
D=ks:>k(3+lj=35—(n)@ 3k+K_354n

n n

n2+(35—3k)n—k:0

(3k—35)+)(35-3k) + 4k

2
We require the radicand to be a perfect square for some maximum integer 1<k <10.
k=10=25+40=65 rejected

k=9=8+36=100 Bingo!

o 27—325i10 _ —8?10 =1,-9=(k,a,b) = (9,-9,1)

Applying the quadratic formula, n =

Since G is the midpoint of the

hypotenuse of right triangle FED, G

is equidistant from E, F, and D. 1

[It is the center of the circle 0

circumscribed about ADEF ] B

Thus, c

BD=EG=GF=GD=+2.

Let DE=a, DF =b.

CE CB 1-a 1
= = =—.

DE DF a b

AFED ~ ABEC =

J6 442

J642

In right AFED , choslS°=sin75°:T: b=2\/5(—}=\/§+1.

4

232

1 31
3+1 2

FYI: Notice that BE is one of the angle trisectors of ZDBC'.

This construction can be used to trisect any acute angle.

Caveat: A Euclidean construction allows the use of an unmarked straightedge only.

This construction is possible only if we are permitted to mark two points £' and F'' on the
straightedge so that £'F'=2-BD, and then align the straightedge so it passes through B.

E' coincides with £ (on CD), and F''coincides with F (on the ray AD ).

Trisecting a general angle, squaring the circle, and duplicating the cube are the three classical
impossible constructions. The impossibility proofs are quite interesting, but involve some
heavy-duty mathematics.

Therefore, CE =
DE
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Team Round - continued

F) Given: 4= {(x,y) 2x+ y| < 6} , B={(x,y):[2y]+]x|< 6}
A is a region between the parallel lines y=-2x—-6 and y=-2x+6.

B is a region inside the rhombus whose vertices are (0, 3), (6, 0), (0, —3) and (-6, 0).
The required probability is the ratio of the shaded region to the area of the rhombus 4ABCD.

The area of the rhombus is %a’,a’2 :%-12-6 =36.

. . . ﬁ:y=—2x+6
Q is the intersection of 3 = Q(2,2) .
AB:x+2y=6

R is the intersection of

{TR VETRHO R(36.-12).

FC:x—2y=6

Note: Since ADPS = ABRQ, and the slopes of BCand TR are

% and -2, respectively, BC L TR, and the combined areas of the

two triangles is equal to the area of rectangle ORBV.

OR=1/(3.6-2)" +(-1.2-2) =\1.6 +3.2° =1.615.
RB=J(6-3.6) +(0+12) =24 4127 =1245.

—area(QRBV)=1.6-1.2-5=8-1.2=9.6.
36-9.6 264 264 22 11
36 360 30 15

Therefore, the required probability is




MASSACHUSETTS MATHEMATICS LEAGUE
CONTEST 6 - MARCH 2020 ANSWERS

Round 1 Algebra 2: Simultaneous Equations and Determinants
A) (5,2) B) (10,23) C) (5,2,1), (5,2,—4)
Round 2 Algebra 1: Exponents and Radicals

A) (6,%) B) 4 o) L

Round 3 Trigonometry: Anything

1 5« 4
A | =, — B) | 20,— C) 3
) ( 7 12) ) ( 5) ) 3
Round 4 Algebra 1: Anything
A) —g B) 29 only C) %or 22.5

Round 5 Plane Geometry: Anything
A) (V13,45) B) (12, 158, 188) o) =

Round 6 Algebra 2: Probability and the Binomial Theorem
27
A) 100% (or 1) B) 125 (or 0.216) C) (9,20736)

Team Round

A) 9 D) (9,-9.1)
g 43V g £
5 8 2

(Both answers required.)
C) 2020 F) n



